We propose a theoretical framework to calculate capillary stresses in complex mesoporous materials, such as moist sand, nanoporous hydrates, and drying colloidal films. Molecular simulations are mapped onto a phase-field model of the liquid-vapor mixture, whose inhomogeneous stress tensor is integrated over Voronoi polyhedra in order to calculate equal and opposite forces between each pair of neighboring grains. The method is illustrated by simulations of moisture-induced forces in small clusters and heterogeneous porous packings of spherical grains using lattice-gas Density Functional Theory. For a nano-granular model of cement hydrates, this approach reproduces the hysteretic water sorption/desorption isotherms and predicts drying shrinkage strain isotherm in good agreement with experiments. We show that capillary stress is an effective mechanism for internal stress relaxation in colloidal heterogeneous porous packings, which contributes to the extraordinary durability of cement paste.
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Capillary condensation is a ubiquitous process of vapor-liquid phase transition in porous media, such as sand piles, plaster, paints, silica gels, cementitious materials, which has an important yet poorly understood effect on mechanical behavior. The confined fluid can generate enormous local stresses, as observed in granular material aging [80] , wet floor friction [81] , nano-tribology [82] , multi-phase immiscible flows [83, 84] , cement drying shrinkage [85, 86] and in everyday life experiences such as hardening of a drying sponge or building a sand castle on the beach [87] . Capillary condensation and evaporation potentially bring undesirable fracture processes, as in drying cracking of colloidal films [88, 89] and paints [90] , but capillary stress can also can be exploited in nanomaterials fabrication by capillary force lithography [91] , capillary rise infiltration [92, 93] , evaporation-driven assembly and self-organization [94] [95] [96] [97] and composite imbibition [98] and even used to evaluate the atmosphere of planets [99] .
Despite the broad importance of capillary forces, they remain challenging to predict in complex porous materials over the full range of liquid saturation, either in equilibrium or during a dynamical process of drainage/imbibition. For granular or colloidal materials, existing models addressing partial saturations are oversimplified and only apply either to low humidity (so called pendular/funicular regimes) [100] [101] [102] or to idealized geometries (slit/cylindrical independent pores or single sphere against a wall) [103] [104] [105] [106] . At higher saturations, models based on geometrical analysis of YoungLaplace equation for smaller clusters [107, 108] are proposed but restricted to only equilibrium liquid distributions inside monodisperse packings. Molecular simulations are also difficult to apply, since the porous structure considered on the mesoscale (∼ 1 µm) are ∼10 orders of magnitude larger than the volume of a single molecule (∼ 1 nm).
In this Article, we present a theoretical framework to compute capillary forces and associated structural relaxation in complex porous media. The method is illustrated through calculations of moisture-induced capillary stress in colloidal systems, based on lattice-gas simulations of adsorbed water [109] . As an important application, we calculate drying shrinkage of cement paste [85, 110, 111] , where the heterogeneous and multi-scale, fully connected porous network induces significant mechanical irreversibilities during drying-wetting cycles [112] , disqualifying simple models.
Theory-For any molecular simulation model of a two phase, liquid-vapor system, the first step of our method is to parameterize the mean-field approximation of a CahnHilliard-like phase-field free energy functional [113, 114] 
where the order parameter 0 < ρ < 1 here is the normalized liquid density. The homogeneous free energy density f (ρ), e.g. a regular solution model with particle-vacancy interaction energy Ωρ(1 − ρ)) [113, 114] Figure 1 : (a) Simulation of local stresses in the capillary bridge between two spherical colloidal particles of radius R = 3 nm at h = 30%, and (b) the total capillary force versus humidity, compared with the two analytical solutions of Kelvin-Laplace equation (due to the 3D geometry, see SI Eqn. 17) for sphere-center separation d = 0.9 D relative to the sphere diameter, including the surface adsorbed layer. (c) Cross-sectional view of the liquid density ρ filling the region between three touching spherical particles, simulated at h = 35%.
The planar liquid-vapor interface width for a regular solution model is given by λ = (κ/Ω) 1/2 , with interfacial energy γ = (κΩ) 1/2 [113, 114] . Solid/fluid surface tension can also be parameterized from simulations, e.g. by interpolating the surface energy term, represented in the above equation by the surface integral, between stable end states of liquid or vapor.
In some cases, the parameters in the free energy functional can also be derived analytically from the molecular model. For example, for mean-field lattice gas DFT [109] in the continuum limit, we have
where w f f and w sf are the liquid-liquid and solid-liquid nearest neighbor interactions, µ the chemical potential for liqdui-vapor equilibirum, ν the neighbor number and a the size of lattice constant in the lattice gas model. ∂V represents the liquid-solid boundary.
Once we have a suitable free energy, we define the capillary stress tensor, first derived by Korteweg [115, 116] ,
(2) and use it to express the stress in terms of only the density profile from molecular simulations in the porous structure. (See Supporting Information.) In principle, surface forces can be calculated by integrating the normal stress over the solid pore walls, but we find that this procedure leads to large errors for complex geometries.
We thus introduce the second step of our method, which is to utilize the Stokes' theorem [117] and deform the contour away from the solid surface and integrate the normal stress over a space-filling tessellation of the microstructure. In this way, equal and opposite forces are applied at each face of the tessellation, perfectly satisfying Newton's third law in the fluid, despite fluctuations in the molecular simulation and complex surface geometry. For colloidal or granular systems of spherical particles, the most natural choice is the Voronoi tessellation, for which fast algorithms are available, such as the package Voro++ [118] used below.
Let us apply the method first to the simplest case of two nearly touching grains, which form a stable capillary bridge, using the lattice-gas DFT model for water, as shown in Fig.1a . Analytical results are available to describe the capillary force [100, 106, 119] , and most models for wet granular materials rely on this picture of a capillary brige [120] [121] [122] [123] [124] [125] . The simulated capillary force versus humidity is shown in Fig.1b , in agreement with the solution to the Kelvin-Laplace equation [126] [127] [128] , assuming bulk water surface tension. The forces are simulated on the adsorption branch and thus compared with the smaller Kelvin radius "solution 1" (see SI), augmented by a wetting layer of thickness 0.25 nm.
To illustrate the challenges posed by any other geometry, consider the next simplest case of 3 spheres nearly in contact as shown in Fig.1c . At low humidity, the capillary bridge theory still holds and accurately predicts simulation results, but at high humidity, these bridges coalesce to fill the region between the particles and drastically alters the forces, in a way that only the simulation can easily capture, in part since the liquid-vapor interface takes a non-convex shape in three dimensions.
Next we consider a 3D heterogeneous porous packing of colloidal or granular spheres of different sizes. packing, showing the Voronoi tessellation used to calculate capillary stresses, for a colloidal model of cement paste [129] . The inset shows adsorbed fluid density profile (blue) on the faces of the Voronoi cell for a single grain.
Voro++ [118] easily computes the tessellation and stresses can be efficiently and accurately computed. Fig.2 shows the Voronoi tesselation cells around the colloidal nano-grains. Zooming in on a single grain, the inset of Fig.2 shows the fluid density on the faces of its polygonal Voronoi cell at h = 30%. Due to the complex granular structure, straightforward integration of the mean stress field over the surface leads to errors that accumulate into a non-zero net force on the solid, violating Newton's third law, but integration over the tessellation allows equal and opposite forces to be assigned to each pair of neighboring particles. This example demonstrates the capability to predict the stress and deformation of composite materials, subject to either out-of-equilibrium multi-phase flow or equilibrium capillary condensation during drying and wetting processes.
Results-As a practical application of our method, we predict capillary stresses and structural relaxation in hardened cement paste during drying/wetting cycles, which are associated with various degradation mechanisms in concrete structures and pavements. We simulate capillary condensation in our previously developed colloidal model of cement paste [129] , illustrated in Fig.2 , using interaction parameters imported from atomistic simulations [130, 131] . Within this model the calcium silicate hydrate particles (C-S-H) are approximated as spherical nano-particles and the force field there is designed for hardened cement paste. At very low relative humidities (h < 15%) the molecular structure of these nanoparticles will also change, where more detailed models on that scale is needed. For our purpose here of studying effects of capillary stress on the pore network, the sphere approximation is sufficient. First, we show the lattice DFT method [109] for this structure is able to predict the room temperature hysteretic water adsorption/desorption isotherm in agreement with experiments [132] (Fig.3a) with no adjustable parameter. To choose a characteristic length scale as the lattice spacing a, we estimate the surface tension which is energy per area:
for nitrogen at T = 77 K, E surf ace ∼ 8.94mN/m which gives a ∼ 0.345 nm; for water at T = 300 K, E surf ace ∼ 72mN/m which gives a ∼ 0.24 nm. Based on the estimates we choose a fine grid cell size of a = 3Å. Another benefit of the very fine lattice spacing is that it allows us to capture the characteristics of small capillary pores and some gel pores (for categorization of pores see [129] ) in the system. The high resolution of roughness on the nanoscale also facilitates heterogeneous nucleation on the solid surface. The fluid-fluid interaction w f f is determined by the bulk critical point
where ν is the number of nearest neighbors on the lattice. The fluid-solid interaction w sf = 2.5 w f f is estimated from molecular simulations on isosteric heat during first layer sorption [133] for water in cement paste.
Next, we analyze the fluid distribution in the pore network ( Fig.3b) and calculate the mechanical effect of capillary stress, for the first time to our knowledge in such a complex porous structure.
In general, we find that capillary forces facilitate macroscopic stress relaxation in granular or colloidal cohesive media, which present rough and glassy potential energy landscapes having an abundance of meta-stable states. For the case of cement paste drying shrinkage [134] , this mechanism is able to quantitatively explain the experimentally observed volume shrinkage (see Fig.4 ). Reactive heterogeneous materials such as cement have residual stresses due to the out-of-equilibrium solidification process [135] [136] [137] . The cement paste structure analyzed here has accumulated tensile eigen-stress of -47 MPa through the precipitation of nano-grains [138, 139] .
Reactive heterogeneous materials such as cement contain residual stresses due to the out-of-equilibrium solidification process. [135] [136] [137] The first cement paste structure analyzed here is such a model that has accumulated tensile eigen-stress of -47 MPa through the precipitation of nano-grains [138, 139] . We refer to this structure as representing a "hardened" cement paste, which has GPa modulus. The second structure is by performing molecular dynamics (MD) simulation under 0 external pressure (NPT ensemble) on the hardened model, so that it retains only minimal residual eigen-stress in the solid aggregate (∼ 1 kP a), representing an "aged" cement paste. A series of MD simulations are then parallelly carried out using LAMMPS [140] on the above 2 cement hydrate models: 1) NVT relaxation with reduced temperature T = 0.00015 corresponding to room temperature. 2) NPT relaxation at room temperature and 0 ambient pressure. In both series of simulations capillary forces calculated at corresponding h's are applied on the nano-grains as force vectors in addition to the original colloidal particle interactions represented by Lennard-Jones potentials. Simu-lations were terminated after 500000 MD steps for each h value, with timestep δt = 0.0025 in Lennard-Jones unit, when the system is already converged and stable. In both studies we only focus on the range 30% < h < 100%, below which we believe for cement paste other factors come into play and likely take over capillary effects, such as the change in colloidal interactions (due to ion concentration change in the pore solution and surface charge regulation of the CSH nano structure) and interlayer water insertion/evaporation. Figure 4a shows how capillary forces influence the shrinkage strain of the "hardened" and "aged" models. The aged model exhibits shrinkage only due to capillary effect whereas the hardened sample shrinks under the combined action of tensile eigen-stresses and capillary forces. In the aged sample, the "pure capilllary effect" decreases with increasing humidity, and the predicted strain is in excellent agreement with experiment [110] for h > 30% on the first drying cycle. In contrast, the hardened sample shrinks more than the aged one and with the opposite trend: the amount of shrinkage strain increases upon increasing humidity: at h = 100% where all pores are filled with water and no capillary forces present, the hardened model experiences length shrinkage strain | | ∼ 0.54%; as h decreases, | | monotonically decreases until at h = 31% it displays a minimum shrinkage strain | | ∼ 0.32%. The different behaviors observed in the 2 models imply a subtle point: in a non-equilibrium system of colloidal particles (such as the hardened model) capillary forces bias the original potential energy landscape (PEL) so that the system is led to different quenched states. The paths to the new states costs less "effort" as measured by the total amount of length change the system undergoes. A related observation is we also notice more significant strain hysteresis in the hardened model, another indication that the synergy of tensile eigen-stress and capillary forces is non-linear and can make the system quench to different quasi-equilibrium states.
In Fig.4b we investigate stress relaxation under a constant volume constraint. Minimal residual stresses are observed in aged model for all humidities. Residual stresses in hardened model are relaxed to -30.52 MPa at h = 31%, significantly different than that obtained in fully dry condition (-44.4 MPa). This conjugate result for hardened model echoes the above NPT shrinkage study, in the sense that the system is able to find paths to less stressful quasi-equilibrium states if its PEL is biased by capillary forces.
These results demonstrate that capillary stress at intermediate humidity is an effective mechanism of stress relaxation and therefore beneficial to cement durability. Although the magnitude of capillary forces on each nanograin is small (∼1 nN) compared to the grain-grain interactions (∼10 nNs), these forces still have an observable effect on the mesoscale. For materials that are "softer" than cement paste, capillary forces are expected to have even larger aging effects. Overall capillary forces help to relax eigenstresses without major volume shrinkage. It is remakable to notice the synergetic effect of capillaries and eigen-stresses, reducing shrinkage compared to both dry and fully saturated conditions. We point out that the drying shrinkage of cement paste as a complex porous material involves more factors that should be taken into account, such as the change of the interlayer water and surface charge density [141] [142] [143] [144] , which is most significant at low h values, and here we only focus on the capillary stress effects at intermediate to high h.
In conclusion, we have described a general framework to calculate capillary stress in complex porous media, without any assumptions on the pore morphology or topology, across the full range of liquid saturation. The method is able to predict capillary stress and structural relaxation in cement paste, which has both theoretical and practical importance due to its multi-scale porous structure and wide usage in everyday life. Other possible applications include the drying and collapse of wet sand castles [145, 146] , capillary-driven liquid/solid composite manufacturing [91, 98] , and the evaporation-driven assembly and self-organization of colloidal particles [94] [95] [96] [97] . eigen-stress ∼-47 MPa (lower curves) and a aged sample, relaxed from the hardened to 10 kPa (upper curves). For simulations at constant pressure (NPT) in (a), the aged sample results are in excellent agreement with experiments on first-cycle drying shrinkage [110] , and the hardened sample shrinkage strain indicates stress relaxation assisted by capillary stress. At constant volume (NVT) in (b), no significant stress produced in the aged sample, but the hardened sample's initial solid stress without capillary forces relaxed to -44.27 MPa, blue circles showing more solid stress relaxed by capillary forces. See main text for more discussions.
Appendix Simulation of adsorption/desorption isotherms
To simulate the 3D distribution of water inside the porous network, we setup a lattice gas model [109, 147, 148] based on a solid distribution of Ioannidou's et al. mesoscale C-S-H model [149] . These models capture structural and mechanical heterogeneities, emerging from the precipitation of C-S-H grains in confined space, and they reproduce a number of experimental properties such as pore size distributions and elastic moduli [129, 150] .
Where ρ i denotes the normalized density of fluid on site i, continuously varying from 0 to 1, η i = 0 or η i = 1 indicating site i is occupied by solid or not. w f f and w sf are the fluid-fluid interaction and fluid-solid interaction respectively. This method has its theoretical roots in the family of 3D Ising models [151] [152] [153] [154] [155] , successfully applied to Vycor, controlled porous silica glasses and aerogel [156, 157] . To directly compare with sorption experiments, one shall link the chemical potential µ to relative saturating pressure or relative humidity in the case of water (denoted by the letter h below). In experiments, h is usually controlled by contact with a reservoir of vapor. One can solve the bulk liqiud-vapor system (Equation 4 with no solid, η i = 0 for any site i) and describe the bulk condensation at µ sat = cw f f /2, which is achieved when h = 100%. Then using the relation for ideal gas µ − µ sat = k B T ln(h) one can get the chemical potential value for a desired h. In the numerical algorithm we use a uniform convergence criteria
which is usually more strict than that adopted in [109] , quoted here as
when simulating complex porous structures. (we present an example comparison in tableI) In the simulations we choose chemical potential incremental steps corresponding to ∆h = 3% after testing with smaller steps without significant difference in the sorption results. Our tests of local disorder on the solid surface, such as spatially randomized time-invariant solid-liquid interactions, or adding random solid sites on the original surface to represent molecular disorder, do not show much influence on the sorption results. Table I : comparison between the convergence criteria: the error δ corresponds to Eqn.5; the error ∆ is from [109] (see Eqn.6). The simulation was considered as converged when ∆ < 10 −14 , but still not converged according to Eqn.5. µ is the chemical potential, Ω the total grand potential of the system. The last column shows the number of iterations N iter when convergence according to ∆ < 10 −14 reached. (During our simulation on the mesoscale porous model of cement we limit the maximum number of iterations for 1 single relative humidity to 600) Here none of the µ s are considered converged by the criteria of Eqn.5
As we are interested in a quantitative comparison with experimental sorption results, we need to define a phys-ically meaningful length scale determined by the lattice spacing size. The parameters w f f and w sf are in units of energy. To arrive at a characteristic length scale as the lattice spacing a, we estimate the surface tension which is energy per area:
where c is the number of nearest neighbors on the lattice. The fluid-solid interaction w sf = 2.5 w f f is estimated from molecular simulations on isosteric heat during first layer sorption [133] for water in cement paste.
Phase-field formulation and capillary stress calculation
The lattice model can be viewed mathematically in the continuum limit a phase-field model. The free energy can be written as
where n sf is the boundary normal vector at liquid-solid surface denoted by ∂V , pointing from liquid outward into solid; a = 0.3 nm is the choice of lattice spacing.
Now one minimizes the free energy by taking its variational under the constraint that on the interface δρ| ∂V = 0. Then the interfacial term yields
The bulk term contributes as
If we further insist the boundary variational of derivative δ ∂ ∂ n ρ| ∂V = 0 guarantees the last surface term in δg 0 and δg 1 are both 0. The bulk term gives the equilibrium condition
The general form of the Landau-Ginsberg free energyas a functional of the field ρ and its gradient respecting symmetries is
(12) here we cut off at the quardratic term of the gradient and f 1 (ρ) > 0 so that thermodynamic stability is gauranteed. To derive the capillary stress tensor field from the free energy density, one notices the thermodynamic relation that the pressure is p = µρ − f 0 (ρ) = ρf 0 − f 0 for a homogeneous system. The stress tensor reads as
For inhomogeneous system where f = f (ρ, ∇ρ), one way to generalize the pressure to a stress tensor is starting with Eqn.14 so that now
where higher order derivatives of ρ is neglected. The second order term in Eqn.12 involving ∇ρ is written as
where g 1 (ρ) =´ f 1 (ρ)dρ. Using Stoke's theorem
and notice ∇ × ∇g 1 (ρ) = 0 we then have
Finally we arrive at the generalized inhomogeneous stress tensor
After one gets the capillary stress as a 3D field, it is straightforward to integrate this field over surfaces of nano-grains to yield the forces on them. One demonstration is shown in Fig. 1(a) of the main text where the capillary attraction between 2 identical spherical solid of radii R with distance between centers D is calculated. 
which is effectively a set of quadratic equation that generally gives rise to at least 2 solutions. Starting from dry condition on the adsorption branch the equilibrium state corresponds to the solution with smaller capillary bridge.
Relaxation with capillary stress
A series of MD simulations were carried out using LAMMPS [140] on the cement hydrate model (hereafter refered as M0). 1) NVT relaxation with reduced temperature T = 0.00015 corresponding to room temperature, hereafter refered as M1. 2) NVT relaxation same as 1) but with capillary forces applied on the grains during the entire simulation, keeping them as constant force vectors, refered as MF1. 3) NPT relaxation at room temperature and 0 ambient pressure, refered as MP1. 4) NPT relaxation same as 3) but with capillary forces constantly applied during entire simulation, refered as MPf1. All simulations were terminated after 500000 MD steps with timestep δt = 0.0025 in Lennard-Jones unit when the system is already converged and stable. The original model (M0) retains eigen-stress corresponding to a pressure of -47 MPa (minus sign denoting tensile stress). This was mildly relaxed to -44.4 MPa in M1. MF1 at relative humidity h = 31% relaxes the pressure to -30.52 MPa, showing capillarity as an effective mechanism of stress relaxation. MP1 shrinks the simulation box length by 0.54%, while MPF1 at h = 31% generates bulk length shrinkage of 0.32%. The overall shrinkage strain calculated in both ways are in agreement with the experimental measurements [112, 158] .
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